The present study looks into the pinch-off dynamics of a compound droplet, which is suspended in another fluid in a parallel plate microchannel. The droplet is subjected to a transverse electric field in the presence of an imposed pressure driven flow. For the present study, a leaky dielectric model have been taken into consideration. When a concentric compound droplet migrates in a pressure driven flow, the inner droplet shifts from the concentric position and forms a eccentric configuration that finally leads to the rupture of the outer shell. The present investigation have uncovered that the temporal evolution of droplet eccentricity as well as the kinetics of the thinning of the outer droplet are markedly influenced by the strength of the electric field as well as the electric properties of the system. The present study also shows that the conversion of different modes of droplet pinch-off mode , such as the equatorial cap breaking-off or the holepuncturing mode can be attained by altering the electric field strength and its electrical properties. Finally the present study depicts that these factors also alter the pinch-off time as well as its location on the outer interface. Therefore the outcomes of the present study offers an effective means of modulating the morphology of compound droplets in a confined channel by applying an electric field.
I. INTRODUCTION
The electric field modulated motion and deformation of droplet have been an area of long-standing interest due to its applications in wide range of technologically driven processes [1] [2] [3] [4] [5] [6] . While the single droplets have frequent application in different flow processes, compound droplets also finds its potential application in growing number of emerging applications. The compound droplet (also termed as a double emulsion) has a complex multiphase structure, where the inner droplet is encapsulated in another immiscible fluid. The special morphology of a compound droplet makes it an ideal candidate for applications in material processing [7, 8] , pharmaceutical [9, 10] and biomedical industry [11, 12] . Now a days, a double emulsion has been used in distortion and recovery of a white cell migrating in plain poiseuille flow. In this application, the compound droplet replicates the dynamics of a leukocytes, where the core (inner droplet) and the shell (outer droplet) represent the cell nucleus and cytoplasm respectively [13] [14] [15] . In some of the aforementioned examples, the break up modes of the compound droplets determines their utility where as in some other cases, the stability of the compound droplets guarantees their applicability. In such types of applications, electric field provides an effective means of manipulating the dynamics of compound droplets.
In the absence of electric field, when a concentric compound droplet is subjected to background pressure driven flow, the outer droplet deforms in the direction of flow and the inner droplet deforms perpendicular to the flow direction [16] . The degree of deformation is denoted by the relative strength of viscous stress over capillary stress characterized by capillary number Ca. Along with deformation, the inner droplet also shifts from its concentric configuration, therefore an eccentric configuration is developed. Due to the opposite deformation as well as the faster motion of the inner droplet, a thin region is created, where the gap between the interfaces is minimum. Eventually the gap becomes negligible and the outer droplet ruptures to release the inner droplet [16] . In a related study, Borthakur et al. (2018) have shown that the thinning rate (rate of decrease of the gap between the inner and outer interface) follows a power law criteria, where, at the initial stage of droplet motion, the thinning occurs very rapidly. On the other hand, before the occurrence of pinch off, the thinning occurs very slowly. The patterns of deformation of the compound droplet in pressure driven flow are far from being obvious when electric field is present [17] [18] [19] [20] [21] [22] [23] [24] . Briefly, in presence of electric field, electric stress are generated at the droplet interfaces that causes the deformation of it. The electrical parameters that play prime role in governing the deformation of the interfaces are conductivity ratio, R 12 .=σ 1 /σ 2 , R 23 .=σ 2 /σ 3 and permittivity ratios, S 12 =ε 1 /ε 2, S 23 =ε 2 /ε 3 , where σ and ε are the conductivity and permittivity of the system and subscript 1, 2 denote the inner and outer droplet phase respectively. Depending on the values of conductivity and permittivity ratios, the outer-inner droplet shows four possible types of deformation; i.e prolate-prolate, prolate-oblate, oblate-oblate and oblate prolate that can again alters the pinch-off phenomenon of the system. Motivated from the above observation, we are interested to study the pinch-off phenomenon of compound droplet migrating in a pressure driven flow in confined microchannel under transverse electric field. To the best of the our knowledge, this investigation is yet to be done. In the present analysis, our objectives are to study the effect of electric field and electrical parameters on the (i) temporal evolution of droplet eccentricity, (ii) different modes of droplet pinch off, (iii) alteration of pinch-off time and (v) the location of the pinch off. The reported observation finds its utility in food, cosmetics, pharmacology and separation science.
II. PROBLEM FORMULATION

A. System description
In the present analysis, we have considered a system as shown in Fig. 1 , where a concentric compound droplet is migrating in a confined pressure driven flow under transverse electric field. In the present system, all the phases are considered to be Newtonian, incompressible and leaky dielectric in nature. The undeformed radius of inner and outer droplets are a 1 and a 2 respectively. Fluid properties like viscosity, electrical permittivity and electrical conductivity are denoted by μ, ε, and σ respectively. The surface tension is denoted by γ. Subscript 1, 2 and 3 denote the inner phase, outer phase and the suspending phase respectively. On the other hand, 12 and 23 denote the inner and outer interface respectively.
The distance between the upper and lower electrode wall is H ̅ and the strength of electric field, directed perpendicular to the direction of flow is denoted by E̅ . Therefore the electric potential at the top and bottom electrode are H ̅ E̅ and 0 respectively. 
B. Governing equation with Phase field method
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Mathematical challenges and solution methodology
Numerical solutions -phase field formalism
we have used the diffuse-interface based phase field model for the numerical simulation of the present problem [25] [26] [27] . In phase field method, the diffuse interface takes the place of the sharp interface. Therefore there is no necessity of tracking the interface. For the convenience of the numerical simulation, we have considered that the inner and the suspending phase are same. In phase field model, two different immiscible fluids are characterized by a phase field parameter ϕ.
In case of inner fluid (fluid 1) and the suspending fluid (fluid 2) , we have taken ( )
On the other hand ( ) 
where M φ and ( ) 
The dimensionless entities in equation (2) The first term represents the non-dimensional representation of chemical potential, in which Cn = / H ζ denotes Cahn number that controls the interface thickness. On the other side, the second term represents the dimensionless Péclet number.
Governing equations for electric potential and the expression of electric force
In the present study, we have chosen a leaky dielectric system (LD-LD-LD) system for the numerical simulation. For a leaky dielectric system, the distribution of electric potential is obtained by solving the following governing equation [27] ( ) 0,
where σ is the electrical conductivity of the system as we mentioned earlier. In phase field model, the σ for a three phase system [i, j ϵ (1,3)] can be expressed in terms of phase field parameter depicted as
In non-dimensional form, the electric potential equation is written as
where σ in non-dimensional form is written in the following format
The governing equation dealing with the distribution of electric potential satisfies the following boundary condition at the B T and B W at the upper wall , , at the bottom wall , 0,
Coupling between phase field and elctrohydrodynamics
In the realm of phase field method, the pressure and velocity field is obtained 
In the above mentioned equation (7), F E denotes the volumetric electrical force that causes the deformation of the interface and expressed as
. The expression of F E consists of two terms. The first term of the expression denotes the electrophoretic force and the second term denotes the dielectrophoretic force. In equation (7), the term G φ ∇ denotes the phase field parameter-depended interfacial tension force. The fluid properties ρ, μ and ε are expressed in the following form ( ) 
The velocity and pressure field are periodic in the horizontal direction and expressed in the following format
For numerical simulation using phase field method, we have used finite element based COMSOL Multiphysics software.
III. RESULTS AND DISCUSSION
In the present analysis, we have performed a details analysis of the motion and pinch-off of a double emulsion traversing in a confined microchannel under combined presence of transverse electric field and back ground pressure driven flow. In the present analysis, we have considered two LD-LD-LD model having R 23 the area averaged center of inner and outer droplet (shown in Fig. 2 ) for different electrical parameters. Further we have also explored temporal evolution of the minimum distance between the inner and outer interface quantified by d min ( shown in figure 2 ) that unveils the pinch-off dynamics of outer droplet. Lastly, we have uncovered different patterns of droplet pinch-off in confined channel for a wide range of electrical parameters. In solo presence of background pressure driven flow, the inner droplet of a concentric double emulsion moves away from its initial concentric position and creates an eccentric configuration, quantified by eccentricity index e * . Under this condition, the eccentricity of the droplets increases with time monotonically. However, the presence of electric field alters this phenomenon markedly, where the eccentricity-increase rate gradually decreases with the enhancement of electric field strength (or Ca E ) for LD-LD-LD system A. We have also observed the same phenomenon for LD-LD-LD system B. However, the effect of electric field is not pronounced unlike the former LD-LD-LD system. A proper explanation of the observed phenomenon is now provided. When a concentric compound droplet is subjected to background pressure driven flow, the outer droplet experiences more viscous drag compared to the inner droplet due to its larger size and the closeness of wall. Therefore, the inner droplet moves faster as compared to the outer droplet leading to a eccentric configuration with time. It is also worth to mention that, under this condition, the outer droplet deforms in the direction of flow (prolate deformation) and the inner droplet deforms perpendicular to the direction of flow (oblate deformation). For the present LD-LD-LD system A with S 23 > R 23 and S 12 <R 12 , the prolate (or oblate) deformation of the inner (or outer) droplet increases with increase in the electric field strength. Therefore, the annular space at the top and bottom side of the inner droplet get thinner and the fluid in this region gets squeezed, which enhances the pressure in the thin film region as shown in Fig. 4(a) . The peak point of the curve in Fig. 4(a) denotes the maximum value of the pressure in the thin annular region. The high pressure in the thin film region reduces the temporal increment in eccentricity by retarding the motion of the inner droplet. On the other hand for LD-LD-LD system B, the outer droplet tries to deform in the direction of electric field and inner droplet deforms perpendicular to it that leads to the formation of thin liquid film near the 'nose' of the outer droplet. Due to the higher pressure in the liquid film (shown in Fig. 4(b) ), the motion of the inner droplet is retarded that reduces the temporal increase of droplet eccentricity. One must acknowledge that, for system B, the enhancement of the pressure in the thin annular region is not so pronounced unlike system A. Therefore the effect of electric field on temporal variation of droplet eccentricity is not so significant for system B unlike system A. Now, we have discussed about the effect of electrical conductivity of the system (R 23 ) on the temporal variation of the droplets eccentricity (e * ). From . . This is happened due to the fact that, with increase in R 23 (in the range of R 23 <S 23 ) of the system, the oblate (or prolate) configuration of the outer droplet (or inner droplet) decreases. Therefore, the minimum thickness of the liquid film in the frontal side of the outer droplet increases which reduces the magnitude of developed pressures as depicted in Fig. 5(b) . Hence the temporal increases of droplet eccentricity increases. However for higher values of R 23 (in the range of R 23 >S 23 ), the prolate (or oblate ) deformation of outer droplet (or inner droplet) increases that again raises the magnitude of pressure developed at the thin annular region as shown in Fig. 5(b) . Therefore, the temporal increment in droplet eccentricity again decreases.
A. Electric field-induced alteration in temporal evolution of droplets eccentricity
B. Electric field-induced alteration in pinch-off of droplets
Effect of electric capillary number on the pinch-off liquid droplet
Figure 6(a) shows the temporal evolution of d min for different values of Ca E for LD-LD-LD system A. From the figure, it is cleared that, with increase in the electric field strength, the pinch-off of the outer shell occurs at a faster rate. This is happened due to the fact that, with increase in the electric field strength, the oblate (or prolate) deformation of the outer (or inner) droplet increases at a faster rate that reduces the minimum separating distance between the inner and outer interface rapidly. Hence, the rupture of the outer droplet occurs in shorter time. Next, we have find that the temporal variation of d min follows a power law expression as
where τ is expressed as τ=t rupture -t and α is the exponent of power law. One must acknowledge that the presence of electric field markedly affects the magnitude of α. Figure 6 (b) shows the thinning behavior of the compound droplet for Ca E =0 and Ca E =3.5.
From the figure, it is obtained that both in absence and presence of electric field, the thinning behavior of the system occurs very rapidly at the initial stage of the droplet motion (α= 1.35 for Ca E =0 and α= 2.1 for Ca E =3.5). However beyond a critical minimum thickness of the interface, the thinning rate decreases (α=0.43 for Ca E =3.5 and α=0.3 for Ca E =0). The reason is that the squeezed fluid in thin annular region generates a high pressure as shown in Fig. 4(a) needs to be noted that in both regions (initial stage of droplet motion and thinning region), the magnitude of α is higher for the case when electric field is present. This is happened due to the higher increasing rate of prolate (or oblate) deformation of the inner (or outer) droplet. Figure 7 (a) also shows a similar phenomenon for LD-LD-LD system B, where the rupture time decreases with increase in the electric capillary number. Furthermore, from Fig. 5(b) , it is also obtained that the magnitude of α increases with increase in the magnitude of electric field strength both in the initial stage of droplet motion (α= 1.35 for Ca E =0 and α= 1.65 for Ca E =4) as well as in the thinning region (α= 0.3 for Ca E =0 and α= 0.48 for Ca E =4). Now we have discussed about the effect of electric field on the pattern of droplet pinch off. Under different tested parameter, we have identified two modes of droplet pinch off: (i) hole puncturing the equatorial and (ii) equatorial cap breaking off. In the former mode of break up, a hole is nucleated at the equator of the outer droplet, where as in the later one the outer droplet disintegrates creating a cap liked daughter droplet in the equator. Figure 8 shows the pattern of droplet pinch-off for a LD-LD-LD system A. It is cleared from the figure that, in absence of electric field, the outer shell deforms into a equatorial cap breaking off. In presence of electric field, the break up modes remains unaltered, however the volume of the cap (daughter droplet) increases with increase in the electric field strength. Another important fact is that the location of rupture gradually shifts towards the pole of the outer droplet with the enhancement of electric field strength. This can be attributed to the fact that owing to the prolate and oblate deformation of the inner and outer droplet, a 'shoulder' is created by the inner droplet, where the film thickness is minimum. Further extension of the inner droplet creates a pinch-off the outer shell at the 'shoulder' position. With increase in the electric field strength, the location of the 'shoulder' is 
shifted towards the poles that also automatically shifts the rupture location of the outer droplet in the same direction and increases the volume of the daughter droplet.
Unlike the LD-LD-LD system A, the scenario gets completely changed for a LD-LD-LD system B where the equatorial cap breaking off mode of the outer droplet is gradually converted to hole puncturing the equatorial mode with the increase in electric field strength as shown in Fig. 9 .
Another important point needs to be noted that for the present LD-LD-LD system, with increase in the electric field strength, the prolate (or oblate ) deformation of the outer ( or inner) droplet increases that shifts the location of the rupture of the outer droplet toward its poles. Due to the shifting of the rupture points towards the pole, the cap volume (daughter droplet) decreases and finally the two rupture points converge to a single point creating a hole at the equator. Therefore, the hole puncturing break up mode is observed.
Effect of electrical conductivity on the pinch-off liquid droplet
In this section, we have discussed about the effect of electrical conductibility of the system on the pinch-off of the composite system. Figure 10(a) shows that the rupture time of the outer droplet increases with increase in electrical conductivity of the system. Figure 10(b) shows that, in the early stage of droplet motion, the thinning rate is much higher for lower values of R (α =2.98 for R=0.5 and α =1.4 for R=3), where as in the thinning region, the thinning rate is higher for higher values of R and finally the rupture takes place in shorter time for lower values of R. At the early stage of droplet motion, the prolate deformation of the inner droplet and the oblate deformation of the outer droplet increases rapidly for lower values of R that reduces the minimum distance between the interfaces very rapidly. However in the thinning region, the pressure developed is higher for lower values of R as shown in Fig. 5(b) that leads to the reduction of thinning rate. It is also important to note from Fig. 10(c) that the outer droplet disintegrates with equatorial cap breaking off for lower values of conductivity ratio. With slightly increase in the values of R, the volume of the cap (daughter droplet) decreases, but the break up modes remains unaltered. Further enhancement of the values of R again increases the volume of the daughter droplet. For lower values of R, the oblate deformation of the outer droplet and the prolate deformation of the inner droplet is more. Due to that reason, the contact between the outer and inner droplet occurs near the poles and the rupture points shifts towards the poles of the outer droplet. Hence the volume of the daughter droplet increases. With increase in the value R, the oblate deformation of the outer droplet and the prolate deformation of the inner droplet decreases that shifts the rupture location towards the equator and generates a daughter droplet having smaller volume. With further increases in the values of R, the outer droplet tries to deform in the direction of electric field where as the inner droplet tries to deform in the direction of flow and again the rupture points is shifted towards the pole that again increases the volume of daughter droplet. From the figure, it is clearly understood that the pinch-off time increases with increase in the permittivity ratio of the system. Figure 11(b) shows that the thinning rate increases with increase in the value of permittivity ratio ( α =1.25 for S=0.5 and α =1.43 for S=3) at the initial stage of droplet motion. The reason is that, at initial stage of droplet motion, the increase in the oblate (or prolate) deformation of the outer (or inner) droplet with time is more for higher values of permittivity ratio that reduces the minimum distance between the two interfaces very rapidly. However in highly thinning region, the thinning rate is more for lower values of permittivity ratio due to comparatively lower strength of developed pressure in the annular thin fluid region as shown in Fig. 12 and ultimately the rupture phenomenon takes shorter time for the system with lower values of permittivity ratio.
Effect of electrical permittivity on the pinch-off liquid droplet
Another important fact observed in Fig. 11(c) is that for lower values of permittivity ratio, the outer droplet disintegrates with a hole puncturing at the equator and this mode of break up is converted to the equatorial cap breaking off mode for slight increase in the magnitude of permittivity ratio. Further increase in the values of the permittivity ratio enhances the volume of the daughter droplet. At lower values of permittivity ratio, the inner droplet deforms into prolate configuration and the outer droplet deforms into oblate deformation. Therefore the tip of the inner droplet comes into contact with the outer droplet at equator and nucleates a hole at the equator. However, with increase in the value of permittivity ratio, the prolate ( or oblate) deformation of the inner (or outer) droplet decreases that shifts the thin annular region towards the poles. Therefore, the rupture location also shifts towards the poles and the outer droplet disintegrates with making a cap at the equator (equatorial cap breaking off mode). Further increase in the values of permittivity ratio shifts the rupture location more towards the pole that increases the volume of the daughter droplet Next, we have constructed a regime diagram as depicted in Fig. 13 that shows two distinct regimes of droplet pinch-off in confined domain. The regime containing square markers with yellow face color denotes the values of (R, S), at which the droplet undergoes equatorial cap breaking off. On the other hand, the regime containing circular markers with green face color shows the values of (R, S), at which the outer droplet disintegrates into hole puncturing at the equator.
From Fig. 13 , it is also obtained that the critical values of S above which the transition from one break up mode to another break up is taken place first increases with R ( up to R=1.5), then decreases.
IV. CONCLUSIONS
The current analysis explored the non-trivial pinch-off dynamics of a compound droplet in a confined medium undergoing pressure driven flow in the presence of a transverse electric field. A finite element based numerical simulation is performed for capturing the essential dynamics of droplet motion and pinch off. Some of the noteworthy results encountered in this analysis are stated below, (i) For both the LD-LD-LD system having S 23 < R 23 & S 12 > R 12 and S 23 > R 23 & S 12 < R 12 , with increase in the electric field strength, the temporal increment in eccentricity decreases. However the effect of electric field is pronounced for the latter case.
(ii) For a LD-LD-LD system, initially having S 23 > R 23 & S 12 < R 12 , increase in the R 23 first increases the temporal increment in the eccentricity of the system and then decreases.
(iii) For the present LD-LD-LD system, the thinning rate increases with increase in the electric field that leads to lower rupture time. 12 , with increase in the electric field strength the rupture position shifts towards equator and at higher electric field strength, the outer droplet disintegrates by making a hole at the equator termed as 'hole puncturing at the equator'.
(iv) With increase in the values of the conductivity ratio, the rupture time increases. One interesting fact is that, in the initial stage of droplet motion, the increase in the conductivity ratio decreases the thinning rate of the system, where as in the thin region it increases the thinning rate. Furthermore, the rupture point first shifts towards the equator with increase in the values of conductivity ratio. Therefore, the volume of the cap (daughter droplet) decreases. Further extension of the value of conductivity ratio again shifts the pinch-off location towards the pole. Thus produces larger volume of the daughter droplet.
(v) With increase in the values of permittivity ratio, the rupture time of the outer droplet increases. Importantly, higher magnitude of permittivity ratio slow down the thinning behavior at the initial stage droplet motion. However, in the thinning region, it increases the thinning rate. Furthermore at very lower value of permittivity ratio, the outer droplet break off by puncturing a hole at the equator. With slight increase in the permittivity ratio, the rupture points slightly shifts towards the poles and a cap liked daughter droplet is created. 
APPENDIX A: MODEL VALIDATION STUDY
For verifying the correctness of the present numerical results, we have performed validation test of our obtained result with the previously published works of Mortazavi and Tryggvason [30] and Halim & Esmaeli [31] . In the first study, we have matched the temporal variation of the lateral position of a deformable droplet in plan poiseuille flow under different conditions with the study of Mortazavi and Tryggvason [30] as shown in Fig.14(a) . Next, we have also compared the temporal evolution of deformation parameter of a leaky dielectric droplet suspending in another leaky dielectric medium under a uniform transverse electric field with the result of Halim and Esmaeeli [31] as depicted in Fig. 14(b) , Both the figures, Fig. 14(a) 
APPENDIX B: GRID INDEPENDENCE AND CAHN NUMBER INDEPENDENCE STUDY
For confirming the accuracy of the obtained numerical result and showing the independency of the obtained result on the grid element size, we have carried out the grid independence study. As the Cahn number (Cn) and grid size are identical throughout the domain, a Cn independence study automatically satisfies a grid independence study. Cn = 0.015, 0.01, 0.005 have been taken into consideration for the present study as shown in Fig. 15 . From the figure, it can be concluded that there is no significant difference in the droplet trajectory for the chosen different values of Cn number. For the present simulation, we have taken Cn = 0.01 and all the plots are drawn taking Cn = 0.01. 
